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ON THE CARTAN MAP FOR CROSSED PRODUCTS AND
HOPF-GALOIS EXTENSIONS
KONSTANTIN ARDAKOV AND SIMON WADSLEY
Abstract. We study certain aspects of the algebraic K-theory of Hopf-Galois
extensions. We show that the Cartan map from K-theory to G-theory of such
an extension is a rational isomorphism, provided the ring of coinvariants is
regular, the Hopf algebra is finite dimensional and its Cartan map is injective
in degree zero. This covers the case of a crossed product of a regular ring with
a finite group and has an application to the study of Iwasawa modules.
1. Introduction
1.1. The Cartan map. Recall that a ring is said to be right regular if it is right
Noetherian and every finitely generated right module has finite projective dimen-
sion. So any Noetherian ring of finite global dimension is necessarily regular.
One consequence of Quillen’s celebrated Resolution Theorem is that the K-
theory and the G-theory of a right regular ringB coincide [5, Corollary 2 to Theorem
3]. More precisely, the Cartan map Ki(B)→ Gi(B) is an isomorphism for all i > 0.
Now if G is a finite group and A = B ∗G is a crossed product then A need not
be regular, so the Resolution Theorem does not apply. This is evident even in the
simplest case when B = k is a field of characteristic p > 0, p divides the order of
G and A = kG is the group algebra of G — in fact, in this case the Cartan map
c : K0(kG)→ G0(kG) is not an isomorphism.
The purpose of this note is to prove the following
Theorem. Let G be a finite group, let k be a field, let B be a right regular k-algebra
and let A = B ∗G be a crossed product. Then the Cartan map
ci : Ki(A)→ Gi(A)
has torsion kernel and cokernel for all i > 0.
Our original motivation for proving this theorem came from our study of Euler
characteristics of p-torsion Iwasawa modules [1]. Using Theorem 1.1 it is possible
to extend the definition of Euler characteristics to modules of infinite projective
dimension. See [1, §8] for more details.
1.2. Hopf-Galois extensions. Given a Hopf algebraH there is a notion of a right
H-Galois extension of k-algebras B ⊂ A [4, 8.1.1]; the precise definition is given in
(2.2) below. In the special case when the Hopf algebra H is the group algebra kG
of a group G, a result of Ulbrich [4, Theorem 8.1.7] states that an extension B ⊂ A
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is right kG-Galois if and only if A is a strongly G-graded algebra A = ⊕g∈GAg with
B = A1. Thus any crossed product A = B ∗G a right kG-Galois extension.
Our main result (1.1) is really a theorem about Hopf-Galois extensions, as we
make extensive use of the fact that the comultiplication ρ : A→ A⊗H for a right
H-comodule algebra A allows one to twist A-modules by H-modules — see (2.3).
We actually prove the following more general result.
Theorem. Let H be a finite dimensional Hopf algebra such that the Cartan map
c : K0(H)→ G0(H) is injective. Let B be a right regular k-algebra and let B ⊂ A
be a right H-Galois extension. There is a positive integer m depending only on H
such that the kernel and cokernel of the Cartan map
ci : Ki(A)→ Gi(A)
is killed by m for all i > 0.
Theorem 1.1 then follows easily by appealing to the classical theorem of Brauer
[6, Corollary 1 to Theorem 35] which states that for any field k and any finite group
G the Cartan map c : K0(kG)→ G0(kG) is always injective. The proof of Theorem
1.2 is given in (3.8).
1.3. Relaxing assumptions on B and H. It is natural to ask whether one can
weaken the hypotheses in Theorem 1.2. The assumption that the Cartan map c be
injective is necessary: H itself is always a right H-Galois extension of the base field
k and Martin Lorenz has exhibited examples of finite dimensional Hopf algebras H
for which c is not injective [2, §4.2]. As K0(H) is a torsion-free abelian group it
follows that the kernel of c cannot be torsion in this case.
Regarding the assumption on B, we ask the following
Question. Let H be a finite dimensional Hopf algebra such that the Cartan map
c : K0(H) → G0(H) is injective and let B ⊂ A be a right H-Galois extension.
Suppose that all Cartan maps for B have torsion kernel and cokernel. Does it
follow that all Cartan maps for A also have torsion kernel and cokernel?
1.4. Conventions. Throughout k will denote an arbitrary base field. All algebras,
coalgebras, Hopf algebras, etc. are assumed to be defined over k. The unadorned
tensor product ⊗ denotes ⊗k. We will employ Sweedler’s sumless notation for
coalgebras and comodules: if C is a coalgebra and M is a right C-comodule with
structure map ρ :M →M ⊗ C, then we will write
ρ(m) = m0 ⊗m1.
For an algebra A,M(A) (respectively, P(A)) will denote the category of all finitely
generated (respectively, finitely generated projective) rightA-modules. Unless spec-
ified otherwise, the term module will mean right module.
1.5. Acknowledgements. The first author would like to thank James Zhang, Ken
Brown and Martin Lorenz for answering many of his questions relating to this work
during a conference in Shanghai.
2. Hopf-Galois extensions
2.1. Comodule algebras. Let A be an algebra and let H be a Hopf algebra. The
tensor product A⊗H is also an algebra with product given by the rule
(a⊗ b) · (c⊗ d) = ac⊗ bd for all a, c ∈ A, b, d ∈ H.
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We say that A is a right H–comodule algebra if A is a right H–comodule with
structure map
ρ : A→ A⊗H
such that ρ is a map of algebras. Using Sweedler’s sumless notation ρ(a) = a0⊗ a1
this second condition can be expressed as follows:
ρ(1) = 1⊗ 1 and ρ(ab) = a0b0 ⊗ a1b1 for all a, b ∈ A.
Thus our definition agrees with the standard one given in [4, 4.1.2]. We will usually
write B = AcoH for the coinvariants of the coaction of H on A:
B = AcoH = {a ∈ A : ρ(a) = a⊗ 1}.
It is easy to verify that B is always subalgebra of A, whenever A is a right H–
comodule algebra.
2.2. Hopf-Galois extensions. Let A be a right H–comodule algebra with coin-
variants B. The extension B ⊂ A is said to be a right H–Galois extension [4, 8.1.1]
if the canonical map
β : A⊗B A → A⊗H
x⊗ y 7→ xy0 ⊗ y1
is bijective.
Example. The comultiplication ∆ : H → H⊗H turns H into a right H-comodule
algebra. It can be checked that the coinvariants in this case are just k and that
k ⊂ H is a right H-Galois extension.
We will need the following result of Kreimer and Takeuchi [4, Theorem 8.3.3]:
Theorem. Let H be a finite dimensional Hopf algebra and let B ⊂ A be a right
H–Galois extension. Then A is a finitely generated projective right B-module.
2.3. Modules over Hopf-Galois extensions. Let A be a right H–comodule
algebra. Then whenever M is an A-module and V is an H–module, the tensor
productM⊗V is naturally an A⊗H–module. Using the algebra map ρ : A→ A⊗H ,
M ⊗ V becomes an A-module, called the twist of M by V . The action of A on
M ⊗ V is explicitly given by the rule
(m⊗ v) · a = ma0 ⊗ va1 for all m ∈M, v ∈ V, a ∈ A.
Let B be the coinvariants of A. If M is an A-module and N is a B-module, then
we can form the restricted module ResAB(M) and the induced module Ind
A
B(N) :=
N ⊗B A. These constructions are related as follows.
Proposition. Let B ⊂ A be a right H–Galois extension, let M be an A-module
and let N be a B-module. Then
(a) IndAB(Res
A
B(M))
∼=M ⊗H, and
(b) IndAB(N ⊗ V )
∼= IndAB(N)⊗ V provided the antipode of H is invertible.
Proof. (a) Note that β : A⊗B A→ A⊗H is a map of A–A-bimodules:
β(a · (x⊗ y) · b) = β(ax⊗ yb) = ax(yb)0 ⊗ (yb)1 =
= axy0b0 ⊗ y1b1 = a · (xy0 ⊗ y1) · b = a · β(x ⊗ y) · b.
As B is a right H-Galois extension, β is an isomorphism, so
1⊗ β :M ⊗A (A⊗B A)→M ⊗A (A⊗H)
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is an isomorphism of A-modules. Part (a) follows.
(b) The action of B on N ⊗ V is given by the rule (n⊗ v) · b = nb⊗ v. Let σ−1
be the inverse of the antipode σ of H and define maps
ϕ : (N ⊗ V )⊗B A→ (N ⊗B A)⊗ V and
ψ : (N ⊗B A)⊗ V → (N ⊗ V )⊗B A
by the rules ϕ(n⊗ v⊗ a) = n⊗ a0 ⊗ va1 and ψ(n⊗ a⊗ v) = n⊗ vσ
−1(a1)⊗ a0. It
is straightforward to verify the following asserions:
• ϕ and ψ are well-defined,
• ϕ is a map of A-modules,
• ϕ ◦ ψ = 1(N⊗BA)⊗V , and
• ψ ◦ ϕ = 1(N⊗V )⊗BA.
For the last two statements, use the fact that σ−1(h2)h1 = ǫ(h) = h2σ
−1(h1) for
all h ∈ H . Part (b) follows. 
2.4. The trivial module. The counit ǫ : H → k gives k the structure of a right
H-module, called the trivial module and denoted by 1.
Lemma. Let A be a right H-comodule algebra. Then for any A-module M ,
M ⊗ 1 ∼=M
as A-modules. In particular, V ⊗ 1 ∼= V for any H-module V .
Proof. The first part follows from the counit axiom a0ǫ(a1) = a for the coaction
ρ : A → A ⊗ H , and the second part follows as H is itself a right H-comodule
algebra as in Example 2.2. 
3. K-theory
3.1. Exact categories. Let B be a full additive subcategory of an abelian category
A. We say that B is an exact category if it is closed under extensions and kernels
of surjections. That is, for any short exact sequence
0→ A→ B → C → 0
in A, the following conditions hold:
• if A,C ∈ B then B ∈ B,
• if B,C ∈ B then A ∈ B.
The canonical example of an exact category is the category P(A) ⊆ M(A) for
any right Noetherian algebra A.
3.2. K-groups. Quillen constructed a sequence of functors K0,K1, · · · which as-
sociate an abelian group Ki(B) to every exact category B. K0(B) is commonly
known as the Grothendieck group of B. If A is a right Noetherian algebra we will
use the following shorthand notation:
• Gi(A) := Ki(M(A)), and
• Ki(A) := Ki(P(A)).
We will need the following well-known result about products in K-theory.
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Lemma. Let A,B, C be exact categories and let ⊠ : A×B → C be an exact functor.
Then for all i, j > 0 there exist bilinear maps
Ki(A) ×Kj(B)→ Ki+j(C)
which are natural in the variables A,B, C.
3.3. The category C. From now on we will make the following assumptions:
• H is a finite dimensional Hopf algebra,
• B ⊂ A is a right H–Galois extension,
• B is right Noetherian.
Theorem 2.2 implies that A is finitely generated as a B-module, so A is also right
Noetherian. Moreover, the restriction of a finitely generated A-module is finitely
generated over B.
Let C denote the full subcategory of M(A) consisting of modules M whose
restriction is a projective B-module:
C = {M ∈ M(A) : ResAB(M) ∈ P(B)}.
Since any P ∈ P(A) is a direct summand of An for some n > 0, the restriction
ResAB(P ) is a finitely generated projective B-module by Theorem 2.2. Writing
P := P(A) and M :=M(A) we have the following chain of inclusions:
P ⊆ C ⊆M.
Lemma. C is an exact category.
Proof. This is straightforward. 
3.4. Tensor products of modules. The following result will be crucial to what
follows. Note that asH is assumed to be finite dimensional,M(H) consists precisely
of the finite dimensional H-modules.
Lemma. Let M ∈ M and let V,W ∈M(H). Then
(a) V ⊗W ∈M(H),
(b) M ⊗ V ∈ M,
(c) if M ∈ C then M ⊗ V ∈ C,
(d) if M ∈ P then M ⊗ V ∈ P,
(e) if M ∈ C and V ∈ P(H) then M ⊗ V ∈ P.
Proof. (a) By Example 2.2, H is a right H-comodule algebra so the tensor product
V ⊗W is an H-module as in (2.3). This module is clearly finite dimensional.
(b) The restriction ResAB(M ⊗ V ) is isomorphic to Res
A
B(M) ⊗ V with the B-
action explained in the proof of Proposition 2.3. The latter module is just a direct
sum of dimV copies of ResAB(M) and is hence finitely generated over B. Hence
M ⊗ V is finitely generated over A.
(c) This also follows from the isomorphism ResAB(M ⊗ V )
∼= ResAB(M)⊗ V .
(d) As tensor product commutes with direct sums, it is enough to show that
A ⊗ V ∈ P . Because H is finite dimensional, the antipode of H is invertible by a
result of Larson and Sweedler [4, Theorem 2.1.3(2)] so
A⊗ V = IndAB(B)⊗ V
∼= IndAB(B ⊗ V )
by Proposition 2.3(b). Since B ⊗ V is isomorphic to BdimV , we see that A⊗ V is
isomorphic to AdimV and is hence a finitely generated projective A-module.
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(e) Again as tensor product commutes with direct sums it is enough to show
that M ⊗ H is projective whenever M ∈ C. But Proposition 2.3(a) implies that
M ⊗ H is isomorphic to IndAB(Res
A
B(M)), which is a finitely generated projective
A-module because ResAB(M) is a finitely generated projective B-module. 
3.5. Module structures on K-groups.
Proposition. G0(H) is a ring. Moreover, Ki(M), Ki(C) and Ki(P) are naturally
right G0(H)-modules for all i > 0.
Proof. By Lemma 3.2 and Proposition 3.4(a) there is a well-defined associative
product G0(H) × G0(H) → G0(H). Using Lemma 2.4 we see that G0(H) is a ring
with identity element [1].
A similar argument using Lemma 2.4, Lemma 3.2 and parts (b),(c) and (d) of
Proposition 3.4 shows that Ki(M), Ki(C) and Ki(P) are all unital right G0(H)-
modules. 
Corollary. K0(H) is a right G0(H)-module.
Proof. This follows from Example 2.2. 
3.6. The Cartan maps. The inclusions P(H) ⊆ M(H) and P ⊆ C ⊆ M induce
maps on the K-groups usually called Cartan maps. We will use the following names
for these:
• c : K0(H)→ G0(H),
• ci : Ki(P)→ Ki(M),
• λi : Ki(P)→ Ki(C), and
• µi : Ki(C)→ Ki(M).
Thus ci = µi ◦ λi. By Lemma 3.5, each group appearing above is a G0(H)-module.
Moreover, all the maps listed above are maps of right G0(H)-modules.
3.7. Resolutions.
Proposition. Suppose that the ring of coinvariants B is right regular. Then every
module M ∈ M has a finite resolution by objects in C.
Proof. As A is right Noetherian, we can find a projective resolution
· · ·
dn−→ Pn
dn−1
−→ Pn−1 −→ · · ·
d0−→ P0 −→M −→ 0
consisting of finitely generated projective A-modules. We saw in (3.3) that the
restriction of each Pn to B is also finitely generated projective. Hence, writing
fn = Res
A
B(dn) we see that
· · ·
fn
−→ ResAB(Pn)
fn−1
−→ · · ·
f0
−→ ResAB(P0) −→ Res
A
B(M) −→ 0
is a projective resolution of ResAB(M). As B is right regular, Schanuel’s Lemma
[3, 7.1.2] implies that the B-module Im(fn) = Res
A
B(Im(dn)) is projective for some
n > 0. Hence Im(dn) ∈ C and
0 −→ Im(dn) −→ Pn
dn−1
−→ Pn−1 −→ · · ·
d0−→ P0 −→M −→ 0
is the required finite resolution of M by objects in C. 
Corollary. If B is right regular then the map µi : Ki(C)→ Ki(M) is an isomor-
phism for each i > 0.
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Proof. This follows from the Resolution Theorem [5, Corollary 1 to Theorem 3]. 
3.8. Proof of Theorem 1.2. As H is finite dimensional, H is right Artinian.
Hence K0(H) and G0(H) are finitely generated free abelian groups of the same
rank. As c : K0(H) → G0(H) is injective, c has torsion cokernel. It follows that
we can find P,Q ∈ P(H) such that [P ]− [Q] = m[1] inside G0(H) for some m > 0
depending only on H .
We have expressed ci as a product of two maps ci = µi ◦λi in (3.6). By Corollary
3.7, µi is an isomorphism so it is sufficient to show that the kernel and cokernel of
λi are killed by m.
Fix i and write λ = λi and µ = µi. For any V ∈ M(H), let τV denote the action
of [V ] ∈ G0(H) on Ki(P); thus
τV := Ki(M 7→M ⊗ V ) : Ki(P)→ Ki(P).
Now if P ∈ P(H), then M ⊗ P ∈ P for all M ∈ C by Proposition 3.4(e), so the
map
θP := Ki(M 7→M ⊗ P ) : Ki(C)→ Ki(P)
is well-defined. Moreover, θP satisfies θP ◦ λ = τP for all P ∈ P(H).
Now (θP − θQ) ◦ λ = τP − τQ = mτ1 = m1Ki(P) as endomorphisms of Ki(P),
because Ki(P) is a unital G0(H)-module. Hence the kernel of λ is killed by m.
Finally coker(λ) is a G0(H)-module by (3.6) and it is annihilated by the image
of the Cartan map c : K0(H) → G0(H) by Proposition 3.4(e). As m[1] lies in the
image of c, we see that coker(λ) is killed by m, as required. 
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